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ON CERTAIN CLASS OF REGULAR FUNCTIONS
Let M "be the family of functions F(z), ^(0) = 0 regular in the disc A = { z:Iz I <1} satisfying the conditions: re[>(re ie ) -F(re~i e )] ^ 0 and im[>(re i0 ) -Fire" 16 )] ^ 0 for 0e <0,Jr> and for every r from some neighbourhood of the point 1.
In the present paper it is proved that the family M* of functions f(z) which can be transformed by external and internal rotation to the family M . is strictly larger than the class T of typically real functions. The validity of the estimation |an|6n|a/j| in the family M* is also considered and an estimation of the functional is found.
A non-sharp result for the radius of the univalency of the family considered is also obtained.
1. Introduction Let S be the family of functions regular and univalent in the disc A = { z: | z|<1}.
As known, Bieberbach [2] proved in 1916 that for every function of the family S the absolute value of the second coefficient is not greater than 2.
He showed also that for every natural n there exists a constant kn such that for every function f(z)tS we have | aQ | ¿=kn. Moreover, he formulated the hypothesis that the least constant with the above property is equal to n.
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The problem has been and still is considered by many mathematicians. Certain investigations are concerned only with the sharp estimation of given coefficients (see e.g. [3] , [5J f M) others concern non-sharp estimations for an arbitrary n (see e.g. [1] , [6] , [8] ).
In 1931 t Dieudonne [4] proved that Bieberbach's hypothesis is valid for the subclass S R of the family S of functions with real coefficients.
Rogozinski [9J showed in 1932 that the estimation |a n |^-n, n = 2,3,... is valid for the family T of functions of the form (1.1) regular in the disc A and satisfying in this disc the condition re f(z) = f(z) if and only if re z = z.
In the present paper we prove, among others, the estimation |a n | <. ti| a^ | in some family strictly larger than S R . In the special case for the functions in the class S^ we obtain the above mentioned result of Dieudonne. Moreover, we prove that the family T of typically real functions is a subclass of the considered family of functions which shows that the obtained result is wider than the one of Rogozinski. _ 34 -Let F be a function from the class M, and £ some arbitrary but fixed point from the region {( £ : im ¡£>0, 1-£<l£l<1}.
Conditions (2.2) and (2.3) describe then the position of the point on the plane (w). They establish that the point belongs to the set {w: re w^re F(0> im wiim
In the case of typically real functions or in particular the functions from the class S^, the point F(0 is on_the semistraight line { w: re w = re im w 6 im F( if)}. Prom the above mentioned property we obtain the following conclusion. Conclusion 1. The family T of typically real functions is a subset of the family M.
Let iV, and F2 be in M satisfy (2.2), (2.3) with constants E^, respectively. Consider the function F(z) = (I-AJF^Z) + AF2(Z), 04^41.
It is evident that the function F(z) is regular in A , has an expansion of the form (2.1) and satisfies the conditions (2.2), (2.3) for re(l-£,l), where £ = min{f^,£2}. From the above we conclude that function F(z) belongs to M and the set M is convex. Definition 2.2. Let M* be the set of functions f(z) =£ aQ z 11 , n=1 regular in A and such that for some function f(z) there exists a pair of real numbers a. , fi such that the function
belongs to the family M.
Moreover, we denote: The family SE is a subset of the family K^ Q. Indeed, it is known that SR C T and T C M., Hence from equality (2.7) it follows that S^C M^ Q. From the definition of the family Sg we know that Sg C S, hence SRC S n M^ = .
Remark 1. The family M* is trictly larger than T. Moreover, it is possible to prove that there exists functions in M* which do not belong to T and cannot be transformed by the external and internal rotation to the functions of the family T.
To show this we consider the function f (z) = z + e" i0 ^ k=2 It is easy to show that the functions considered above belong to M*n S and do not belong to S^ for 6e(8,t), (cos t = 31/32). Hence, M*n.S is strictly larger than S^.
3. Let F(z) be some function from M. Let r(0) be defined as follows:
for 0 e <0,JT > and for arbitrary but fixed r from the interval (1 -£,1), where E, is such that F(z) satisfies inequalities (2.2), (2.3) in the interval (1-£,1). Taking into account that f(0) = t(2jr-©) we see that the function t(6) can be considered in the interval <0,2jt>. It is clear that the functions (3.2) tV] (0) = re r(6) ,
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A. Jatlonski From the last three inequalities and from b^ > 0 we conclude that (3.6) |b n | 4 n|b/j| , n = 1,2,3,...
Analogously, for Pjj-t©) we obtain the estimation (3-7) |o Q | 4 c^l, n = 1,2,3,..., where c n = im A n . Using the formulae for the absolute value of a complex number and considering inequalities (3.6), (3.7) we obtain the following theorem. It is easy to notice that a^ = and a^ > 0. Without loss of generality we may assume that a^ > 0. Computing the derivative of the function f(z) and estimating its real part we obtain: (4.2) re f (re 10 )^-I J ak k r k~1 e i(k "^e k=2 oo 1-^k 2 r k " 1 k=2
for arbitrary re <0,1) and 0£<O,2:rr>.
It is easy to notice that if the following inequality is satisfied oo V (r) = 1 -k 2 r k~1 » 0, k=2 " 1 ft then re f' (z) will "be not negative for z = re . After elementary calculations we obtain the equality r(r) = (1 -7r + 6r 2 -2r 3 ) (1 -r)~3.
Taking into account that t"(r) is a continuous function in the interval <0,1) and f(0) =1, we conclude that there exists Tq such that for re<0,r0> the term z (r) is positive.
Denoting the smallest positive root of the equation (•4.1) by rQ we get the thesis of the theorem.
Remark
The result in Theorem 4.2 is not sharp.
The function which could realize the equality in the estimations (4.2) does not exist in the family M*. The equality in these estimations is realized orly by the function oo f (z) = a lZk ai z k , 0 k=2 which does not belong to M*.
